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Abstract - In the design of information fusion
systems, the reduction of computational complexity is a
key design parameter for real-time implementations.
One way to simplify the computations is to decompose
the system into subsystems of non-correlated
informational components, such as a qualitative
informational component, a quantitative informational
component, and a complement informational
component.

A probability information content (PIC) variable [1]
assigns an information content value to any set of
system or sub-system probability distributions. The PIC
variable is the normalized entropy computed from the
probability distribution. This article derives a PIC
variable for a subsystem represented by the
complement probabilities. This article also derives a
relationship between the PIC variable of sub-system
components and the system informational PIC variable.

A hybrid pignistic probability is introduced that is
robust in estimating a probability for any maturity of
the incomplete data set.

A new methodology of combining independent multi-
source beliefs is presented.

A pedigree pignistic probability is introduced that uses
some information of the original fused data sets to
compute a better pignistic probability.

1 Introduction

A probability information content (PIC) variable
assigns an information content value to a probability
measure. The PIC variable is the normalized entropy
computed from the probability distribution. A PIC
value of one indicates total knowledge is available and
there is no ambiguity in the decision making; i.e., one of
the hypotheses has a probability value of one and the
rest have zero. A PIC value of zero indicates that all the
hypotheses have an equal probability of occurring and it
is not possible to make a good decision.

Given a probability measure P onaset A={a,,a,,...,a,}
with respective probabilities {P(al), P(a,),..., P(aN)} )
the probability information content is:

i P(a,)Log[P(a,)]

@
Log[N]

PIC(A) =1+

In the design of information fusion systems, the reduction
of computational complexity is a key design parameter
for real-time implementations. One way to simplify the
computations is to decompose the incomplete system
information set into subsystems of uncorrelated
informational components.

The subsystems of uncorrelated informational
components can be labeled as a mature [1] or non-mature
data set. The Pignistic probabilities proportional to
beliefs (PrBI) and self-consistent pignistic probability
(PrScP) are valid only for a mature data set. Smets
pignistic probability BetP [2], the pignistic probability
proportional to all the plausibilities (PraPl), the pignistic
probability proportional to the plausibilities (PrPl), and a
new introduced hybrid pignistic probability (PrHyb) are
robust for all type of data sets.

Some N subsystems of uncorrelated informational
components can be represented by N sets
{m;,m,,...m } of basic belief assignments (BBAs), a

new methodology is presented for combining or fusing
the BBAs to produce one set of BBA {m,, }.

A Pedigree Pignistic Probability (PrPed) is introduced
that uses the fused BBA with the pedigree information of
each subsystems to compute a better pignistic probability.

2 Complement Representation PIC

The complement A° of an eventA is the set of all

outcomes in the sample space that are not included in the
outcomes of eventA. If the probability of event
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Aoccurring is P(A) then the probability of its
complement is:

P(A®) = 1 - P(A). @

Since the sum of the singleton probabilities is one,
N
Z P(A)=1 (©)

It follows that the sum of the probability of the
singleton complement is N-1:

iP(AC) = il—P(Ai):N—l- Q)

The probability information content for a system
represented by complement probabilities is:

ia— P(A))LoglL- P(A%)]
Log[N]

PIC(A®) =1+

A normalized complement probability is defined as:

p(fe) = PA) L 1-P(A)

(6)

The probability information content for a system
represented by normalized complement probabilities is:

@—(N —1)P(A°))Log[1—(N —1)P(i\c)] ?

PIC(A®) =1+ oo ]

3 Mutually Exclusive Subsystem
Disjoint Decomposition

In the design of information fusion systems, the
reduction of computational complexity is a key design
parameter for real-time implementations. One way to
simplify the computations is to decompose the system
into subsystems of mutually exclusive disjoined
components.

Let Qbe the set of possible outcomes, where the
outcomes are mutually exclusive and exhaustive
singleton elements of the decision environment. In some
systems theQset is decomposed into mutually

exclusive subsystems Q =Q, 0 Q; 0 Q, O.... For
systems [1] with a complex input (e.g., real-time sensor

measurements,  multidimensional filtered  feature
extractions, real-time data base and a priori data base

information content, real-time natural language text and
symbols parsing evidence, quantitative and qualitative
communication clues, and inconsistent errors), a power
set of the outcomes is a better representation of the
incomplete information set.

Power -set (Q, 01Q, 0Q, 0..)=2% 02% 02% 0. (8)

Note that this power set is much smaller than the full
system power set, for two or more subsystems.

29> 2% 2% 2% [J.., ©)

For the subsystems supporting the number 1, J, K,... of
possible hypothesis with respective components i, j, k,... ,
the sub-system PIC values are computed from the
individual probabilities:

Y P[Pl
PIC(P)=1+ w10
3ol 10)
PIC(P,) =1+ H o
> POLog[P ()]
PICE), =1+ 5

The system probability can be computed from the
uncorrelated subsystem probability distributions as:

P(s) =P@A)*P(j)*P(k)*... (11)

Note that the system probability is normalized to one
provided that the subsystem probability distributions are
normalized to one.

1*J*K*... |

2, PO=3 Z Z + PP ()P (K)-..

I*J*K*... | J K (12)
Z P(s) = Z P(i)Z P(J’)Z‘ P (k)...
S§= 1= 1= =
Iﬂi*ﬁ’(s) =1
The system PIC variable is:
'S PO)Log[P()]
PIC(PS)51+%)9[I ] (13)

Substituting the system probability in terms of the
subsystem probabilities:

s (POP()P(K)...) Log [(P()P(J)P(K)..)]

M -

T

N

PIC (Ps) =1+



(14)
Expanding the logarithmic term:

i Z Z - POP(PK)..)(LogPI+ LoglP(]+ Logrpion+.) (15)
PIC(R,) =1+ 11
Log[l] + Log[J] + Lodlq + o

Summing over the solitary probability terms:

PIC(P,) =1+

@'Z P(i)Log[P(i)ﬂ%i\ P(j)Log[P(j)]E»Qi P(K)Log[P(K)]EH ()
= O = = ]

Log[l] + Log[d] + LodK + ..

(16)
Substituting the subsystem PIC variables:

PIC(R,) =1+
(PIC(P,) -1)Log[1]+(PIC(P,) -1)Log[J]+(PIC(P,) —1)Log[K] +...
Logll] + Log[J] + LodW + ..

(17)
Simplifying the logarithmic coefficients shows that the
system PIC is a weighted average of the subsystem
PICs:

PIC(P,)Log[I]+PIC(P,)Log[J]+ PIC (P, )Log[K]+...

PIC(R) = Log[i] + Log[d] + LodK + ..

(18)
Note that if all the subsystem information sets support
the same number of hypotheses (i.e., | = J = K =...),

then the system PIC equation simplifies to the average
of the subsystem PICs.

PIC(P)+PIC(P,)+PIC(P)+.. (19)
1 +1+ 1+ ..

PIC(P) =

4 Simplifying Notation

In order to simplify the derivations, the [1] compound-
to-sum of singletons operator is used. The compound-

to-sum operator,C®, on singleton elements has the
following properties:

Co[Bel({A,, A.,....A )] = Bel(A) + Bel(A ) +...+ Bel(A))

C°[PI{A;, A.... ADI= PI(A)) +PI(A ) +...+PI(A,)

CoIMEAS, A AT = M(A) +mM(A) +... + M(A,)
(20)

5 Hybrid Pignistic Probability
A series of Pignistic probabilities were introduced in [1]

that use some Posteriori information to proportionally
decompose the compound basic belief assignments into

Pignistic  probabilities. The Pignistic  probability
proportional to all plausibilities (PraPl) is computed
using the following equation.

PraPI(A,)=Bel(A,)+¢ PI(A,) (21)
1- § Bel(A,)
with g = *\Z?’ ( ) (22)
PI(A,
&
The hybrid pignistic  probability  transformation

distributes the basic belief assignments proportionally to
PraPl among each singleton element of A U A,

with A, O Q forall A, 029.

H PraPl(A)
HC s [PrapI (A,)]

PrHyb (A, )= Z Em(AM) (23)

The pignistic probability is normalized to one.

ZﬂPrHyb(Ai )=1 (24)
A

For each singleton element A, the pignistic

probability is bound between the Belief and the
Plausibility.

Bel(A, )< PrHyb(A, )< PI(A,) (25)
6 Discussion

In complex decision making, the incomplete information
set can be divided into independent components and each
component can be labeled as a mature [1] or non-mature
data set. The Pignistic probabilities proportional to
beliefs (PrBI) and self-consistent pignistic probability
(PrScP) are valid only for a mature data set. Smets
pignistic probability BetP [2], the pignistic probability
proportional to all the plausibilities (PraPl), the pignistic
probability proportional to the plausibilities (PrPI), and
hybrid pignistic probability (PrHyb) are robust for all
type of data sets.

Some of these pignistic probabilities are described by the
probability proportionally function p ,

p, ={lA,|, Pl,, PraPl,, Bel} (26)

with the corresponding pignistic probabilities.

N, ={BetP,, PrPl,, PrHyb,, PrBl,} (27)



7 A New Methodology of Combining
Independent Multi-Source Beliefs

In some systems the incomplete information set can be
divided into N independent component sets
{m,;,m,,...m.} of basic belief assignments (BBAs)

and M sets of probabilities. This section introduces a
new methodology of combining the BBAS.

m, n(A)= 5 m(B)m,(C)..my (Z)BMH

BnCn..nZ=A

t(AB.CoZ HC[pAA)]HHg[pZ(A)]Eﬂq [pN(A)]E
( ) BN (O ] T o 2]

(28)
A is the normalizing factor of summing the BBA to
one.

m, (A)=1 (29)

ADT22

The combined BBAs can be used with an appropriate
pignistic probability transform to make good decisions.

Note that in the combination or fusion process of the
BBAs, the pedigree information of each set of BBAs is
lost. Saving the probability proportionally function for
each member of the singleton set 5 p, . p, can be

used to compute the pignistic probability transform.

8 Pedigree Pignistic Probability

The Pedigree Pignistic Probability (PrPed) is
introduced that uses the fused BBAs with the
probability proportionally functions, p p,.. p,s tO

compute a better pignistic probability estimate, a
Bayesian equivalent.

The Pedigree Pignistic Probability is computed for each
singleton element of AC1B with A0 Q forallBO2°.

J(WECAT
O A 0

PrPed (C) = Zml,z

CUA

o(C: A):Estpl(cn AS[pZ(C)]E-- AS[pN(C)]E (30)
Lo (DTHE Lo, (AT ¥ Loy ()]

A is the normalizing factor of summing the Pignistic
probability to one.

9 A Cardinality Simplification

The methodology of belief combination and the pedigree
pignistic probability simplifies significantly when used in
conjunction with probability proportionally function of
the cardinality value of the power set member.

m,, .y (Acardinality) = 5 m,(B)m,(C)..m (Z)BNALH

BnCnonZ=A

f(A;B’CMZ)ZEgﬁéE“E?E (31)

Substituting one equation into the other:

m,,  (Acardinality) = ml(B)m (C)..m (Z)Ef H
e e \zwa

(32)
The Pedigree Pignistic Probability is:

PrPed (C;cardinality) = .Z-Aml'z'“"” (A; cardinaliw)wg

o

Substituting one equation into the other:

C
PrPed (C;cardinality) = Zmlyz ..... N(A;cardinality)axg

CUA
(34)
Since C is a singleton member its cardinality is one.
ie.,

- 1
PrPed (C;cardinality) = ) m
PALES A
(35)
Defining a new set of the BBAs as:
A;cardinali
() = Tzl V) (36)

A"

A
My, (A) = m, (B)m, (C)...m (Z)Bﬁ%ia
BnCﬂznZ =A BHCHZ‘

37)
The Pedigree Pignistic Probability for the new set of
BBAs becomes:

PrPed (C;cardinality) = (38)
Mis,. v (A)

T 1
= Z m A; cardinality) —— =
1.2,..N ( y) ‘A‘N LZA ‘A‘

Calculating Smets pignistic probability for the new set of
BBA.



BetP (C) = ; Miz..n A N(A) (39)

For this new set of redefined BBAs the Pedigree
pignistic probability and Smets pignistic probability are
equivalent.

PrPed (C;cardinality) = BetP (C) (40)

In literature, Fister and Mitchell [3] address the
combination of two belief subsystems:

ma(A)= S m(E)m, (C)H‘ EL
BnC= ‘ D (41)

]

O

A
= m(B)m()H
H B

BnC=A

A is the normalizing factor of summing the BBA to one
and B| is the cardinality of B.

10 Example:

The following example illustrates some design concepts
presented in this article. A set of the m BBAs is given

as:

m0(1,0,0,0) =0.16
m0(0,1,0,0) =0.14
m0(0,0,1,0) =0.01
m0(0,0,0,1) =0.02
m0(1,1,0,0) =0.20
m0(1,0,1,0) = 0.09
m0(1,0,0,1) = 0.04
m0(0,1,1,0) = 0.04
m0(0,1,0,1) = 0.02
m0(0,0,1,1) =0.01
mO0(1,1,1,0) =0.10
m0(1,1,0,1) =0.03
m0(1,0,1,1) =0.03
m0(0,1,1,1) =0.03
mO0(1,1,1,1) = 0.08 (42)
The beliefs are calculated as:

Bel _m0 =(0.16, .14, .01, .02) (43)

For these BBAs the Plausibilities are calculated to
be:

Pl_m0 =(0.73, .64, .39, .26) (44)

The Smets pignistic probabilities are computed from
the above BBAS as:

BetP_m0=(0.398, .343, .153, .105)  (45)

The pignistic probability proportional to all
Plausibilities (PraPl) is computed as:

PraPl_mo0 = (0.402, .352, .139, .106)
with ¢ =0.331683 (46)

Let another set of the m1 BBAs be:

m1(1,0,0,0) = 0.05
m1(0,1,0,0) = 0.00

m1(0,0,1,0) = 0.00

m1(0,0,0,1) = 0.00

m1(11,0,0) = 0.39

m1(1,0,1,0) = 0.19

m1(1,0,0,1) = 0.18

m1(0,11,0) = 0.04

m1(0,1,0,1) = 0.02

m1(0,0,1,1) = 0.01

m1(111,0) = 0.04

m1(11,0,1) = 0.02

m1(1,0,11) =0.03

m1(0,111) =0.03

m1(1111) = 0.00 (47)

The beliefs are calculated as:
Bel _ml=(0.05, .00, .00, .00) (48)

For these BBAs the Plausibilities are calculated to
be:
Pl _ml=(0.90, .54, .34, .29) (49)

Computing the pignistic probability proportional to all
plausibilities.

with _ 1-A;Bel_ml(Ai): P
;Pl_ml(A '
A

PraPI(A,)=Bel(A,)+£ PI(A,) (51)

PraPl_ml=(0.463,0.248,0.156,0.133) (52)

A set of the m2 BBAs is given as:



m2(1,0,0,0) = 0.46
m2(0,1,0,0) = 0.14
m2(0,0,1,0) = 0.01
m2(0,0,0,1) = 0.02
m2(11,0,0) =0.21
m2(1,0,1,0) = 0.09
m2(1,0,0.1) =0.04
m2(0,11,0) =0.01
m2(0,1,01) =0.02
m2(0,0,11) = 0.00
m2(111,0) = 0.00
m2(11,0,1) = 0.00
m2(1,0,,1) = 0.00
m2(0,11,1) = 0.00

m2(1,1,1,1) =0.00 (53)
The beliefs are calculated as:
Bel _m2=(0.46, .14, .01, .02) (54)

For these BBAs the Plausibilities are calculated to
be:

Pl_m2=(0.80, .38, .11, .08)  (55)

11 Cardinality Weighting

m (B)m,(C)m, (D)B» E
el BHCHD\E

My, (A;cardinality) =

(56)
m 1, (1,0,0,0; cardinality) = 0.6656
m ., (0,1,0,0; cardinality) = 0.1141
m 1, (0,0,1,0; cardinality) = 0.0049
m,, (0,0,0,1; cardinality) = 0.0033
m 1, (1,1,0,0; cardinality) = 0.1768
m,,, (1,0,1,0; cardinality) = 0.0277
m 1, (4,0,0,1; cardinality) = 0.0061
m,,, (0,1,1,0; cardinality) = 0.0009
m ., (0,1,0,1; cardinality) = 0.0006
m ., (0,0,1,1; cardinality) = 0.0000
m ., (1,1,1,0; cardinality) = 0.0000
m ., (1,1,0,1; cardinality) = 0.0000
m,y, (1,0,11; cardinality) = 0.0000
m 1, (0,1,1,1; cardinality) = 0.0000
m,,;, (L111; cardinality) = 0.0000 (57)
The Pedigree Pignistic Probability is computed with the
following equation:

PrPed (C;cardinality) = %m

(58)
PrPed (cardinality) = (0.8227, .1622, .0101, .0049) (59)

Defining a new set of the BBAs as:

A
My, . (A)= m, (B)m,(C)..m (Z)&%ia
BnCmZnZ =A BHCHZ‘

(60)

m”(1,0,0,0) = 0.7915
m"(0,1,0,0) = 0.1357

m”(0,0,1,0) = 0.0058

m”(0,0,0,1) = 0.0039

m”(1,1,0,0) = 0.0526

m”(1,0,1,0) = 0.0082

m”(1,0,0,1) = 0.0018

m”(0,1,1,0) = 0.0003

m”(0,1,0,1) = 0.0002

m”(0,0,1,1) = 0.0000

m”(1,1,0) = 0.0000

m”(1,1,0,1) = 0.0000

m”(1,0,11) = 0.0000

m: (0,11,1) = 0.0000 61)
m"(L1,1) = 0.0000

Calculating Smets pignistic probability for the new set of

BBA.
BetP (C) = ; """

BetP =(0.8227, .1622, .0101, .0049)

(62)

(63)

The Pedigree pignistic probability and Smets pignistic
probability are the same.

PrPed (cardinality) = BetP (64)
Note that by using a priori information inherent in the
cardinality probability proportionally function the smaller

probabilities tend to be overestimated while the larger
probabilities tend to be underestimated.

12 A Mixed Weighting



For this example the mixed weighting described by the
following (belief, hybrid, belief, BHB) probability
proportionally function:

p ={Bel_m0, PraPl_m1, Bel_m2}

f(A;B,C,D
my(B)m, ©)m, (D) AE-C: DI
BnCnD=A D A |:|
C®[Bel _mO(A)]
CS[Bel _mO(B)]

(65)

Mo, (A;BHB) =

f(A:B,C,D) =

CS[PraPl _mi(A)] AEC °[Bel _m2(A)]
CS[PraPl _m1(C)] i [Bel _ mz(D)]E

(66)
My, (1,0,0,0; BHB) = 0.79709
My, (0,1,0,0; BHB) = 0.05615
My, (0,0,1,0; BHB) = 0.00011
M, (0,0,0,1; BHB) = 0.00026
My, (11,0,0; BHB) = 0.12580
My, (1,0,1,0; BHB) = 0.01597
M., (1,0,0,1; BHB) = 0.00385
My, (0,1,1,0; BHB) = 0.00042
My, (0,1,0,1; BHB) = 0.00035
M, (0,0,1,1; BHB) = 0.0000
My, (1,1,1,0; BHB) = 0.0000
Mgy, (11,0,1; BHB) = 0.0000
M, (1,0,11; BHB) = 0.0000
My, (0,111 BHB) = 0.0000

Moy, (1111 BHB) = 0.0000 (67)

The Pedigree Pignistic Probability is computed with the
following equation:

PrPed (C;BHB) = 3 m,,, (AT (68)
O A O

CUA

(CiA)= Co[Bel _mO(C)] FEC[PraPl _mi(C)] FC°[Bel _m2(C)]

SN = BeS [Bel_mo(a) HCS[Prapl_mi(a)] ‘S[Bel_mz(A)]E
(69)

PrPed(BHB) =(0.93188, .06770, .00013, .00029)
(70)

Note that by using some posteriori information inherent
in the probability proportionally function better
estimates of the pignistic probabilities are obtained.

PrPed (cardinality) =(0.8227, .1622, .0101, .0049)
(71)

13 Conclusion:

In the design of information fusion systems, the reduction
of computational complexity is a key design parameter
for real-time implementations. One method of obtaining
some simplification of the computations is to decompose
the system into subsystems of mutually exclusive
disjoined informational components.

This article derived a simple relationship between the
total system informational PIC variable and the weighted
average of disjoint  decomposition  sub-system
components PICs.

The probability information content for a system
represented by complement probabilities  was
demonstrated.

A hybrid pignistic probability was introduced that is
robust in estimating a probability for any maturity of the
incomplete data set.

A new methodology of combining independent multi-
source beliefs was presented.

A pedigree pignistic probability was introduced that use
some information of the original fused data sets to
compute a better pignistic probability.
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